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I . 1"I'RODUCTXOX
The Fermi-Thomas a t a t i s t i c e l model of t h e atom h a s bean ueed by several i n v e s t i g a t o r s ") for approximate c a l c u l a t i o n s o f p o t e n t i a l f i e l d s and charge d e n s i t i e s i n metals a s a f u n c t i o n of l a t t i a e spacing.
served a e a s t a r t i n g 2 o i n t f o r t h e s t u d y o f t h e behavior of matter under extremely high' p r e s s u r e s a s found, for example, i n stars,
The method h a s a l s o
In i t s o r i g i n a l form, t h e t h e o r y makes s e v e r a l s i m p l i m i q assumptions:
t h e e f f e o t o f exohange f o r o e s i s not t a k e n i n t o account, and t h e temperature of' e l e o t r o n s and nuolei i s t a k e n a s tero degrees a b s o l u t e , T = 0, With t h e e e s i m p l i f i c a t i o n s , a set of u n i v e r s a l p o t e n t i a l f u n c t i o n s may b e found, a p p l i c a b l e t o all atomic numbers, Z, by a s i n p l e ahange i n s o a l e of l i n e a r dimensi on8 .
h a s extended t h e t h e o r y t o i n c l u d e t h e e f f e c t s o f exokange
'2) Dirac f o r a e s . However, the a o l u t i o n s o f t h e m o d i f i e d e q u a t i o n d o not lend themselves t o t h e above mentioned s i m i l a r i t y t r a n s f o r m a t i o n and i t is n e c e s s a r y t o o b t a i n s e p a r a t e s o l u t i o n s f o r eaoh Z.
h r s h a k and Bethe (3) have c a r r i e d t h r o u g h 8 p e r t u r b a t i o n t r e a t m e n t of the simple Fenni-Thomas e q u a t i o n t o i n o l u d e t e m p e r a t u r e s oorrespondine; t o several e l e a t r o n v o l t s .
I n the following, w e p r e s e n t f i r s t a set o f s o l u t i o n s f o r t h e simple Fermi-Thomas e q u a t i o n w i t h o u t exchange f o r o e s and .for T = 0. t h e s e numerioal r o l u t i o n s are known, t h e y have been o a l o u l a t e d a g a i n because Although -(1) J. C. S l a t e r and H. M. K r u t t e r , P h y t~. Rev. 47. 559, (1935) ; H i A Jensen, 2s. f . Phyeik, 111, 373 (1938) and a d d i t i o n a l r e f e r e n c e s given t h e r e . (2) Po A. M. Dirac, Proo. Cambridge P h i l . SOC. 26, j?6 (1930) .
(3) R . E. Bdarshak and H. A . Bethe, Ap. J., 91, 239 (1940) . 
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t h e y are t h e unperturbed s o l u t i o n s ' i n subsequent p e r t u r b a t i o n c a l c u l a t i o n s .
Renoe, r a t h e r p r e e i s e v a l u e s are needed.
t h e c a s e w i t h exohange e f f e c t s , b u t w i t h T = 0 as k e f o r e , f o r several Z-values by S l a t e r and Kruttpr and by Jensen. The v a l u e of t h e p o t e n t i a l a t t h e boundary i s simply r e l a t e d t o t h e pressure.
Consequently a pressure-volume (or -d e n s i t y ) r e l a t i o n can be obtained f o r thet element.
A set of s o l u t i o n s v a s given f o r
To make more a c c u r a t e i n t e r -
The t o a series of stomic volumes. correspond (4)
These new s o l u t i o n s w i t h p r e v i o u s l y o a l c u l a t e d oces permit r a t h e r r e l i a b l e i n t e r p o l a t i on for P-v r e l a t i o n s corresponding t o any Z value.
problem corresponding t o non-zero tsmperetures. f o r t h e case o f very h i g h t e m p e r a t u r e s where t h e p e r t u r b e t i o n t r e a t m e n t i s
A set of n m s r i c a l s o l u t l m s i s a l s o given f o r t h e p e r t u r b a t i o n F i n a l l y s o l u t i o n s a r e g i v e n no l o n g e r v a l i d . a n d t h e complete e q u a t i o n must be considered.
SIMP= PBRMI-THCMAS MmHOD
We c o n s i d e r f i r s t t h e simple Fermi-Thomas e q u a t i o n w i t h o u t exchauge e f f e c t s and for t s m p e r a t u r e T = 0,
This a q u a t i n i s d e r i v e d w i t h t h e assumption t h a t a t ehch p o i n t i n a o o r d i n n t e
spaoe t h e r e e x i s t s a r e l a t i o n between t h e e l e c t r o n d e n s i t y e and t h e p o t e n t i a l V, namely (4) H. Jensen, G. Meyer-Gossler and 8. Rohde, 2s. f. Physik, 110, 2'77 (1938) ; J. C. S l a t e r and H. M. K r u t t e r , loc. c i t .
. , ..
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There m is t h e e l e o t r o n i c mass and B t h e t o t a l energy. This r e l a t i o n is i n t u r n obtained kom t h e p o s t u l a t e that the e l e a t r o n wave f u n c t i o n s i n a arm11 volume element behave l i k e plane ' w v e s and t h a t t h e e l e o t r o n s satisfy t h e P a u l i exolusion p r i n c i p l e . Spherical symmetry i s assumed; LL X i s the distanoe from t h e n u c l e u s measured i n ' u n i t s of where multiplied by r; more p r e o f s e l y is t h e Bohr radius f o r b d t o c e n . $ i s e s s e n t i a l l y t h e p o t e n t i a l -where Bo f s tho 1~9ximum t o t a l energy.
The boundary c o n d i t i o n e may be w r i t t e n 9 ( 0 ) = 1
(3)
and a t the surfaoe of the atom, since t h e p o t e n t i a l g r a d i e n t is zero,
Ia an actual orysttal, the solutions of spherical symmetry a r e , of course, n o t s t r i u t l y v a l i d .
polyhedron oontaining an average number of eleotrons s u f f i c i e n t t o n e u t r a l i z e t h e n u a l s a r charge.
It is more appropriate t o surround saoh nuoleus w i t h a
In many c a s e a , t h e polyhedron may be replaced in good approximation Q a sphere.
the radius R( = , a X that use of t h i s procedure need not be r e s t r i c t e d to crystals of pure e 1 emen t eo c o n d i t i o n (3) i e valid on t h e s u r f a c e of t h i s sphere end ) i s defined as the a t e w i c radiucl. It is-t o be n o t e d , 0 m y be expanded about the o r i g i n i n a s a t -c o n v e r g e n t power seriee of 2 + a 4 z i . e t e (4) b e e a v a l u e is s e l e c t e d for the i n i t i a l slope, i . e . , 4 a , t h e remaining c o e f f i c i e n t s a r e deternined.
i n terms of a approaches t h e x-axis asymptotically.
free atm. For nuizerically smaller i n i t i a l slopes, e o l u t i o n e are oktained Bxpreasione for t h e firat few ooeffioienfs ore given i n Table 1 , For a p a r t i o u l a r value of % 0 + 'ilzia solution oorresponds t o t h e for atms of f i n i t e radius.
s o l u t i o n s for ions.
Ilumerica1ly g r e a t e r i n i t i a l s l o p e s y i e l d
For the n w r i c a l i n t e g r a t i o n it l e oonvenient t o introduoe a ohange of Independent variable,
This in effeot, makes the i n t e r n 1 for each step of the n m e r i a a l i n t e g r a t i o n conveniently small near t h e o r i g i n uhere Q changes appreciably, and automatically inoreas76 the i n t e r v a l f a r t h e r out where the f u n c t i o n changes more alowly. To i n i t i a t e t h e n m e r i c a l i n t e g r a t i o n r o u t i n e , t h e s e r i e a given b--(4) i s r e w r i t t e n i n t e r m of w; it i s w e l u a t e d a t two p o i n t s a=0.88
and w = 0.92, hence t h e derirative is obtained a t w = 0.90.
is more acaurate t h a n t h e evaluation of the derivative from t h e d i f f e r e n t i a t i o n -This procedure of t h e series, I n t e r v a l s are taken a s~w = O . O 4 . h e e r r o r in each step i s < o m o~o~ in 9. Table 2 , n m e r i c a l s o l u t i o n s are given corresponding t o e i c h t valnes of t h e i n i t i a l slope. 9 is given a t intervalaAv=0.08.
X n
frequent enough for most purposes; i f values f o r i n t e r m e d i a t e w-values a r e These values are desired, q u a d r a t i c i n t e r p o l a t i o n l a adequate.
In Table 3 the values of a are given corresponding t o t h e s e s o l u t i o n s -2
togetfier alth values Pot t h e atomic RadiuaTo and f o r 9 ( 2 ). Finally one oan obtain a pressure-volume r e l a t i o n based on t h i a model
with t h e aid of the following v i r i a l theorem, (3/2) E = k i n e t i c energy +(&) ( P o t e n t i a l Energy)
2 where I ) P is p r e s s u r e (dynesLm ) and One oan e a s i l y show t h a t z (Lrr/3)(/ x , )~ om3, t h e volme.
Thus, having ohosen a 2 value, one can s u b s t i t u t e values f o r X Q ( x O } frm Table 3 and o b t a i n a series o f p o i n t s on a P-v diagram i n t h i s and 0 approximation. W e shall r e t u r n to a more c m p l e t e d i s c u s s i o n of e q u a t i o n s o f state a f t e r w e hslve discussed t h e -effects of exchange. I n o r d e r t o g e t t h e numerical i n t e g r a t i o n of Eq. (7) started, 2 is first expanded i n t o a semi-aonvergent power series a b o u t the o r i g i n .
FERVI-THOMAS-DIRAC EQUATION
Diraa (*) ha8 introduced m o d i f i c e t i c n s t o t h e o r i g i n a l Fermi-Thorias
series is i d e n t i c a l w i t h t h a t of Eq. (4).
oorresponding o o e f f i c i e n t s up t o + in Table b .
i n independent v a r i a b l e X=r2/2 and use t h e 68me numerical i n t e g r a t i o n procedure
The form of t h i s
For convenienoe, we list t h e Again we i n t r 0 d u c e . a change b e g i d i n g a t w =0.92.
S l t l t e r and K r u t t e r (2) Kavc c a r r i e d through numerical i n t e g r a t i o n s f o r 2 : 3, 11,29 and Jensen (4) for 2 = l8,36,5l+. minimum of t h e p o t e n t i a l , 2 e V/r, which i s a t t a i n e d a t t h e boundary of t h e atom.
pressure i s t h e same as would be caused by a d e n s i t y of free e l e a t r a n s equal t o t h e e l e c t r o n d e n s i t y a t t h e boundary.
The p r e s s u r e depends only on t h e
On that boundary no average foree mats on t h e e l e c t r o n s , and t h e This e l e c t r o n d e n s i w is i n t u r n d e t e r m i n d by t h e p o t e n t i a l a t t h e boundary, and one o b t a i n s for t h e p r e s s u r e t h e formula
The r e l a t i o n just obtained is i n effect a dependewe of the pressure OIL t h e atomic volume s i n c e tho v a l u e of y/X depends excluslvely on t h e atanio r a d i u s and henoe on t h e atomic volune. obtained by addlnp t h e atomic volumes a p p r o p r i a t e for that pressure, me volume a t a given p r e s s u r e is I n o r d e r t o express pressure-density r e l a t i o n s h i p s f o r various X value8 i n a forn which p e r m i t s ormvenlent i n t e r p o l a t i o n f o r i n t e m e d i a t e 2 values, we f o l l a r r Jensen (7) and express the pressure in units of the preeaure P r e s u l t i n g f r o 3 a uniform d i s t r i t u t i o n of a l l t h e e l e o t r o n r of t h e matierial r e w r i t t e n data of S l a t e r and K r u t t s r in t h i s form; ead added the new oaloulationr *. In t h i s way we hnve obtained sufficient data, so t h a t F i n a l l y we have
I n t h i s ray
The p r e s s u r e -d e n s i t y r e l a t i o n s 80 derived &re valid only at r a t h e r high p r e s s u r e s at which t h e detailed i n f l u e n c e of the outer & e l l s t h c t u r e of t h e atoms hais been o b l i t e r a t e d . t e n megabgrs.
IV.
If the value of t h e temperature i s low ompared t o t h e maxknum k i n e t i e T h i s u s u a l l y happens a t pressures exceeding /* % t h e i n f l u e n o e of t h e temperature m n be t r e a t e d bj perkurbation metbds.
'Phe i n f l u e n c e of t h i r p e r t u r b a t i o n on the ~e~i -' P h~i n a s Tables 2 and 9 ). In Table 9 numerical r o l u t i o n e are given c o r r e s p m d i n g t o t h e s e t h r e e oaees f o r t h e range of w thnt.is.of l n t o r e~t~ -mm -2448
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The d e r i v a t i v e s are a l s o given as t h e y are needed t o s a t i s 0 the boundary o ondit i 00 8.
With t h e s e s o l u t i o n s , a series of p o i n t s on a P-V-T diagtam may be obtained in t h e following manner.
T and determines
approximate expression obtained by k r s h a k a n d Bethe or by u0in.g tables of t h e complete expression worked out by YacDougall and Stoner (91. S p e a i f i c a l l y For a given 2, one assme6 a t m p e r a t u r e and hence atomio volume ( o r h a n s i t y ) , from t h e boundary
The p r e s s u r e may be obtained e i t h e r by t h e .
t h e y t a b u l a t ewhere
V. EXACT TREATiTTT OF TEMPERATURE EFFECTS
For t h e aase of high temperatures t h e p e r t u r b a t i o n treatment given i n t h e preceding s e c t i o n is not very acourate.
of temperature w i l l be take? i n t o aooount exactly.
of exchanre Por this ranae of t t m p e r a t u r e a r e r e l a t i v e l y unimportant, we c o n s i d e r only t h e approxination i n whiok they a r e negleoted.
I n t h i s s e c t i o n t h e e f f e o t s
Inamuch a s the effedtr
The e f f e c t of temperature is t o a l t e r t h e charae distribution of e l e a t r o n s i n t h e a t a . 
(10) I n t h e next s e c t i o n , t h i s e x p r e s s i o n is disouesed t'n more d e t a i l p k is Boltzmann's c o n s t a n t and condition that t h e t o t a l number of eleatrons is given.
is a o m s t a n t #hioh is determined t", t h e Therefore t h e 2 d e n s i t y of e l e o t r o n e i s
S u b s t i t u t i n e t h i s expression f o r t h e charge d e n s i t y i n t o Poirson's equatlon we o b t a i n where t h e h o t i o n I
(1) is defined by u 2
and arises for n = l / 2 from Eq.(lk) i f one replooee p2/WT w,fi It f a t h e equation (15) t h a t we eolve n m e r i o a l l y . where Thr is t h e temperature measured i n k i l o v o l t s .
5q. (15) oan be removed by a ohange In the z e r o o f p o t e n t i a l V.
The o o n s t a n t l e t t i n g o r i t s e q u i v a l e n t ' g = 2p/w t o g e t the i n f t i a l v a l u e of the derivative of p . It is on17 after the ~o l u t i o n 5s complete and the p a h e of& l e determined that the t m p e r a t u r e (fr-cm Eq. (19)) and the d e n s i t y (from a = bc whzre c is qivcn by Y k q . (16)) can be e v a l~~a t e d .
i n b a n d 6 , but t h i s is not a real d i f f i c u l t y .
The s o l u t i o n i s started by dw
That t h e s e turn out t o be -i n t e r e s t i i i g region r e q u i r e s Judicious choioe of the initial m l u e s of AEGD -2448
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The numerical procedure 5s s,imilar t o t h a t deaoribed earlier.
. I
( 9 ) are obtained w i t h t h e h e l p of t a b l e s o f t h e f u n c t i o n 1/2
The v a l u e s o f I ( y ) given by MacDaugell a n d S t o n e r (9). The i n t e r v a l g I s eo chosen I1/2 t h a t the e r r o r i n v p e r s t e p which i s a p p p x i m a t e l y w d2 t 7 z2 -(g)] i s k e p t below 0.0001. mis u s u a l l y . . means t h a t for l a r g e w,
t h e i n t e r v a l e; oan be 0.005 b u t as t h e o r i g i n i s approached I t I s f r e q u e n t l y n e o e s s a r y (below w =l,k) t o reduce i t t o 0.05.
-
The v a l u e s of@ a s a f i n c t i o n of w for v a r i o u s cases are g i v e n i n - Table 10 ,
After t h e p o t e n t i a l d i s t r i b u t i o n v I s known, w e b a n o a l c u l a t e a t a piven temperature and d e n s i t y , v a l u e s for t h e i n t e r n a l energy and p r e i m r e .
\
The i n t e r n a l energy E E and t h e k i n e t i c energy, i n t u r n .
i s t h e sum of two terms, t h e p o t e n t i a l energy,
. Xe s h a l l c a l a u l a t e t h e s e q u a n t i t i e s 'kin Pot* I n o a l c u l a t i n g t h e p o t e n t i a l energy we must be c a r e f u l t o avoid adding t h e ( i n f i n i t e ) self-energy of t h e nucleus.
very m a l l r a d i u s , W e f i n d , ifd i s some
The f i r s t term is t h e e n e r g y # o f t h e a t m h e l e c t r o n s , being t h e i r charge d e n s i t y times t h e p o t e n t i a l i n which-they f i n d t h e r s e l v e a , and t h e second term i s t h e energy of t h e n u c l e u s of chaqge Ze because of i Q s -i n t e r a c t i o n w i t h t h e e l e c t r o n e , t h e p o t e n t i a l of . t h i s i n t e r a c t i o n b e i n g Y -k , i . 9 , : r t h e total p o t e n t i a l less t h a t due t o t h e n g c l e u s i t s e l f . (The f a c t o r 1/2 arises i n t h e u s u a l manner beoause calculating t h i s way w e count eaoh i n t e r a c t i o n
If f o r P the e x p r e s s i o n given by Eq. (14) is used, t h e lower l i n f t e ' AECD -2448 14 of t h e i n t e g r a l aan be p u t -e q u a l t o zero.
and s, r e f i n d
For (V -.k ) a t mall r, we can r .
ChancinE t h e n t o t h e c o o r d i n a t e s @ r = 0
The i n t e g r a l I s o b t a i n e d n u m e r i o e l l y from t h e data of t h e s o l u t i o n .
2
The k i n e t i o energy of each e l e c t r o n of mmnentum E i s p /a. Y u l t i p l y i n g by t h e d e s n t i y of e l e o t t o n s w i t h i n t e g r a t i n g over a l l space, w e find for t h e k i n e t i c energy of a l l e l e c t r o n s This expression car. be s i m p l i f i e d by a r a t h e r l o n g sequnnce o f o p e r a t i o n s . I f one integrates by p a r t s first by -r, and t h e n again by E, end then u s e s Sq. (14) t o r e p l a c e one o f tt,e i n t e g r a l s on E one can show f i n a l l y t h a t where V is t h e velue of t h e p o t e n t i a l a t t h e surface of t h e at-r = a. a me integral is, o f o o u r s e , p r o p o r t i o n a l t o I3l2 ( -eva -7 ) (see ~q . (159)).
kT
We next oanpute the pressure. Sinoe t h e r e is no f i e l d e t r t a, e l l o f t h e 2 nomentum c a r r i e d aero88 t h i s s u r f a c e (which i n one second p e r OIP is P, t h e ' p r e s s u r e ) must be carried by e l e o t r o n a c r o s s i n g this m r h o e .
reason wby c w p u t i n g t h e p r e s s u r e a t r f = a i s p a r t i c u l a r l y s i~p l e .
p o i n t presrmre s i~r p l y a p p e a r s a 8 the pressure of a R-ee e l e o t r m gas.
%is i s t h e
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One o b t a i n s
The v a l u e of Pv p e r a t m where v = 4 na3 i s t h e atomic volume, i s t h e r e f o r e -
where p, i s t h e v a l u e o f p on t h e boundary s = b.
and (25) shows that we can express t h e k i n e t i c energy a 8
Comparison of q s . (a)
This e q u a t i o n will be o b t a i n e d more d i r e c t l y by c o n s i d e r a t i o n of s i m i l a r i t y t r a n s f o r m a t i o n i n S e c t i o n VI.
The t o t a l energy p e r atom is t h e r e f o r e most c o n v e n i e n t l y c a l c u l a t e d from E = A o t u a l l y t h e t o t a l energy is n o t i n t e r e s t i n g . ' What w e should l i k e t o know i s t h e e x c e s s of t h i s energy over what t h e energy would be i f the material were a t zero t e m p e r a t u r e end p r e s s u r e . That i s , t o f i n d t h e n e t i n t e r n a l ener@y U we must s u b t r a c t kom E t h e enerpy o f a s i n E l e atan a t t o t z e r o t e m p e r a t u r e and p r e s s u r e . ( o f , Seotion 11). I n terms of our present q u a n t i t i e s , 2 2 2 
p,ivec i n t h e first two columns of Table 11 , The value of 4 which r e s u l t s is g i v e n i n t h e t h i r d column.
end n e t i n t e r n a l energy are given i n u n i t s of kTZ SO t h a t t h e y are a p p l i c a b l e f o r any 2.
I/( 8 -1) i a given, a s w e l l a s t h e value of a t o which t h i s corresponds. r a t i o i s w r i t t e n i n t h i s fom i n analogy t o t h e p e r f e c t gas formulae but it The c o n d i t i o n s @ and -b are b I n t h e n e x t t h r e e oolumns t h e p o t e n t i a l , k i n e t i c , The r a t i o o f t h e n e t i n t e r n a l energy t o Pv, w h i c h we have celled ' h e -is not t o be assrned t'mt in our case.? i s a c t u a l l y t h e r a t i o of s p e c i f i c heats, n o r the exponent i n t h e i s e r i t r o p i o e q u a t i o n Pv8= aonstant.
3 only through t h e e q u a t i o n U = F%/( 8 -1) W e d e f i n e
8
The above q u a n t i t i e s are independent o f t h e v a l u e of Z. But t o obtain r, a o t u a l numerical v a l u e s f o r the t e m p e r a t u r e , atomic volume, d e n s i t y , and p r a s s u r e one must aEsume a d a f i n i t e substance.
-_ 5. -
The numerical v a l u e s for these q u a n t i t i e s f o r i n d i o a t e d , to a p p l y t o 8 s u b s t a n c e w i t h a r b i t r a r y 2. For any definite AEXD -2448
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Z there a r e h m e o e r a n effect-I t is w 1 .
rthwh i I t o t a k a i n t o eccount.
.
*-I
To t h e interfial enprgy per-atom, Fe, one should add 3kT/2 t o account f o r t h e k i n e t i o energy of motion of the nuolei.
added. t o Pv t o aocount f o r the extra pressure developed by t h i s motion.
7-
For t h e same reason, kT should be
We s h e l l summarize i n t h i s s e c t i o n a few simple r e l a t i o n s which a p p l y t o t h e e l e c t r o n d i s t r i b u t i o n s obtained above.
' h e first of' these r s l a t f o n s ' i e ' t h e v i r i a l theorern,' connecting p r e s s u r e
Pot
P, volume Y , w i t h k i n e t i o erergy B and p o t e n t i a l enerey E M U Ne s h a l l a h a below t h a t i n t h e Fe&i-Th&s approximation t h i s virial theorem 1s exactly uatisfied. Thin f a c t has indeed been proved i n t h e literature f o r some s p e b i a l caee-s(l2).
The proof given here is more general.
we oonaider first a ainllarity t r a n s f o r m a t i o n i n which a l l c h a r g e s ( i n c l u d i n g the elementary aharge -e ) are ahanied by t h e 'factor ( 1 + 6 ) , a l l d i a t & m e s by the f a o t o r ( 1 ' t H a n d all e n e r g i e s by (1 + 7). E , p , 7 are aesumid 'mall coGtpared t o unit?. %e quantun of a o t i o n h and t h e e l e o t r o n mass E a r e asaumed t o be unchanged.
The q u a n t i t i e s . -. ,
I<
Prun the exproasion -f o r p o t e n t i a l rgy, t h e P o l l b r i n g r e l a t i o n o b t a i n s AECD -2448
..
The d e B r o g l i e wavs l e n g t h 2 , a s a l l l e n g t h e , muet ohange a s (1 + P ); 2 thus momenta ohange a s ~l / ( l + p ) and k i n e t i c e n e r g i e s 9 1 l/(l + p ) However, t h e s e e n e r g i e s , l i k e p o t e n t i a l e n e r g i e s , nust change a s (1 +. 7 ), hence we o b t a i n (30) ?= 02P and w i t h t h e above r e l a t i o n 2 6 = -p .
Equations ( 
(3l) give t h e change i n p o t e n t i a l d i s t r i b u t i o n and i n energy due t o a change o f t h e chacges.
If TaO, t h e two similar systems t o be compared must be such t h a t t h e temperature should change p r o p o r t i o n a l l y t o t h e energy of an electrm. tfcnoe
t h e e n t r o p y whioh changes as t h e h e a t t r a n s f e r d i v i d e d by temperature rill remain u n a l t e r e d . we s h a l l now t r e a t t h e e f f e c t of t h e chtinge o f charges by a p e r t u r b a t i o n t r e a t m e n t . Consider f i r s t t h e e f f e c t of t h e cnange i n a l l charges bjj t h e f a c t o r ( + E ), without a l t e r i n g t h e e l e a t r o n d i e t r i h u t i m . T h i s w e can c o n s i d e r accomplished w i t h t h e a i 6 of imaginary r i g i d and i n f i n i t e l y t h i n w a l l s which subdivide t h e system and which prevent any change in e l e c t r o n d e n s i t i e s . ( I t i s c o n s i s t e n t w i t h t h e assumptions of t h e Fermi-Thmar model t o l o c a l i z e s h a r p l y e l e c t r o n s even thouph t h e i r momentum d i s t r i b u t i o n i s given. end hence k i n e t i c e n e r g i e s w i l l remhin u t m l t e r e d and t h e change of t o t a l I n t r o d u c t i o n of such w a l l s i s t h e r e f o r 5 permissible.) Thus d e n s i t i e r
* E Bpot* energy w i l l be given by t h e change i n p o t e n t i a l anere)., namely,
As a 'secmd s t e p we ncw permit t h e i m g i n a r y w e l l s t o r e a d j u s t themselves, but w e shall keep i n t h i s s t e p the t o t a l v o l m e unchanied. The cmpresaion and d i l a t a t i o n of t h e volume e l e z e n t e w i l l i n t r o d u c e t m p e r a t u r e ohanpes which we allow t o be e q u a l i z e d by h e a t conduction. S i n c e any energy 'am -,2448
conducted awav f r m on ' 219 l e y a n t must F O into a n o t h t r , t h e t o t a l eneray chenpe by aonduotion i s zero.
does n o t v a n i s h e x a c t l y .
p r o p o r t i o n a l t o t h e e l e c t r o n d e n s i t y d i f f e r e n o e s ; since t h e pressure differences are a l s o infinitesimal, t h e a c t u a l work performed i s q u a d r e t i c a l l y small.
remains, t o t h e first order, ~E E ohange d u e t o h e a t conduction desoribed above i s i n f i n i t e s i m a l t o second
order, sinae both t h e amount of heat conducted and. t h e temperature d i f f e r e n c e s
The work done by t h e rnotlon of the r a l l a However, t h e displacement of t h e walle is
Thus the energy ahange introduced by changing t h e oharge d i s t r i b u t i o n W e a l s o o b s e h e t h e t t h e entropy pot. are i n f i n i t e s i m i l e 'of t h e f i r s t order.
In o r z e r t o arrive a t t h e m e c o n f i g u r a t i o n reao>.ed by the s j m i l a r i t y t r a n s f o r m a t i o n , t h e volume must now be read+iustad; mi's it3 done by e volume i n o r e a s e (1 &p ) . I n this' process, t h -e n t r o p y w i l l b e kept o o n s t a n t .
A t t h e sane time, however, t h e energy of t h e uystem w i l l d e c r e a s e by a= 3 m o u n t equal t o t h s pressure m u l t i p l i e d by t h e volume chanre, i r e . , by p ( 3 p v). Thus t h e t o t a l a n e r g ' c h n g e i s 2 € E -3 p h . Equating t h i s w i t h -times t h e o r i g i n a l t o t t i l energy r e obtain P o t me c h a r a c t e r i s t i c d i s t a n c e e n t e r i q i n t o t h e exchange energy happens t o be t h e deBroglie wave l e c q t h of t h e f a e t e s t e l e c t r o n , .
I t is w e l l known t h a t t h e v i r i a l theorem is e x a c t l y v a l i d f o r a quantum
I* mechanical system (as well a s for a c l a s s i c a l system) when t h e exact e q u a t i o n s of motion of t h e e l e c t r o n s -and n u c l e i are t a k e n i n t p account. I .
s i v l e a r g m e n t merely shms t h a t t h e v i r i a l theorem i s not i n v a l i d a t e d by
' h e a b a t e t h e s i m p l i f y i m assumptions introduced i n t h e Fermi-Thomas mst).od.
It is of i n t e r e s t t o study a seoond s i m i l a r i t y t r a n s f o r n a t i o n which c o n s i s t s of i n c r e a s i n g t h e n u c l e a r chanEe and simultaneously i n c r e a s i n g t h e
number of e l e c t r o n s s o t h a t t h e a y e t e n remains n e u t r a l . This s i m i l a r i t y t r a n e f o m a
t ; on d e s o r i b o s c o r r e l a t i o n s bstween s o l u t i o n s f o r v a r i o u s nuclear charges; it a l s o l e a d s t o a f u r t h e r r e l a t i o n between t h e v a r i o u s form6
of energy i n t h e Fermi-Thomas model. The prooedure t o be desoribed and the r e l a t i o n s following from i t hold only f o r . t h e case where exchange,'forces are negleated.
It is t o \ b e noted t h a t in t h i e s i m i l a r i t y t r a n s f o r m a t i o n X d -8 not .
ohangs l i k e o t h e r lengths. I n fact, t h e Fermi-ThcQles equation rcrm~ins unchanged, b u t we d o n o t retain t h e detailed nicroeoopfc r e l a t i o n s from which it i s derived. .The t r a n s f o m t t o n oonsistts of t h e followin& ohanges:
. .
2
Here temperature T, represents any form o f energy p e r e l e c t r o n , and a l s o stands f o r t h e I .
A t t h e same t i m e e l e c t r o n d e n s i t i e s are ohengsd by the factor
(1 + r' 1. .
e l e o t r o n d e n s i t y , f o r T = Q, w e a r e lead t o p o s t u l a t e
. i
, -
or
(3b)
If we as8ume t h a t t h e t e m p e r a t L e T .&s changed by t h e f a o t o r (1 + 7 ), it l a easily seen t h a t the k i n e t i c energy p e r e l e c t r o n will transform 8 s ( 1 C L;i If w e urn oontinris t o apply suoh s i m i l a r i t y t r a n s f o r m a t i o n s u n t i l therq-18 a finite changs o f t h e n u a l e a r ohar w e f i n d t h a t solutions of t h e Fermi-Thomas e q u a t i o n for different 2 .valuer are o o r r e l a t e d by t h e -statements t h a t t h e radius'ohanges p r o ? o r t i o n a l l y t o 2 ' 1 ' 3 .
anergy p e r electron E and t h e t m p e r a t u r e chenge as C .
-_ of t h e o t h e r quantities involved,
4 . n u s i n an i n f i n i t e s i m a l s i m i l a r i t y t r a n s f o r m a t i o n t h e total energy p e r atom i s m u l t i p l i e d by 1 + 73/3.
We s h a l l now treat t h e same problem by a p e r t u r b a t i o n method i n t h e following steps.
(i)
(1 + t h e numbsr of e l e a t r o n s , t h e volume, and t h e t e m p s r r t u r e unahanged. h e F i r s t we s h a l l m u l t i p l y t h e n u c l e a r charge of a s i n g l e nucleus by ) and apply a p e r t u r b a t i o n o a l a u l e t i o n .
In t h i s s t e p we shall keep t o t h e complete shielding of a nucleus k y i t s e l e c t r d s , assumed throuzhout t h i s paper, t h e i n t e r a o t i o n o f n u c l e i w i t h each o t h e r and w i t h e b c t r o n s of o t h e r atoms need not be considered. Thus one Obtain8 a ohange in energy ' y E where E i s t h e e l e c t r o s t a t i c i n t e r a c t i o n energy o f e l e c t r o n s of :1 e," 9, a
an titom w i t h i t s nucleus.
(ii) Second w e add
Z e l e o t r o n s t o r e -e s t a b l i s h ' t h e charge balanos. This a d d i t t o n p,ivee
t h e energy -;%, where E i.e., t h e e n e r w needed to e x t r a o t an e l e a t r o n from t h e solid. If one wants t o apply t h i s argument t o an i s o l a t e d ion, t h e n Ew must be replaoed by t h e i o n i z a t i o n energy of t h e outennoejt e l e c t r o n .
r i s t h e work f i n c t i o n o f t h e s o l i d ,
(iii) As a t h i r d s t e p t h e s o l i d is expanded. T h i s expsnslon gives rise
t o a ahanre i n energy of -3pRr, where v is t h e atomic volume.
(iv) Ae a f i n a l s t e p the temperature i s raised by 7 ¶' r h i o h gives t h e added energy n TCV, where Cv f a t h e s p e o i f i o h e a t p e r atom a t oonrtant volume.
c
The sum of these energy o o n t r i b u t i o n s is equal t o the t o t a l energy chanre (7 :/3)(Epot+ pkin) obtained from t h e i n f i n i t e s i m a l similarity transformation.
'Re have t h e r e fore
'
Using t h e r e l a t i ons between 7 ,> , p w e o b t a i n U s h g t h e v i r i a l theorem and introducing the r e l a t i o n where E w i t h i n an atom, we g e t is t h e p o t e n t i a l energy due t o t h e i n t e r a c t i o n of e l e o t r o n s e* e
In t h e s p e c i a l " case of T = 0 and of i s o l a t e d atans, t h i s r e l a t i o n becanes p a r t i o u l a r l y simple.
E is a l s o set t o zero, so that
In f a c t i n t h i s case P = 0 and t h e ionltation energy .
-
e,P e*e. This r e l a t i o n had been d e r i v e J by Fermi f o r t h e Fermi-Thomas equation.
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Surrnarv o f t h e n u m e r i c a l r e s u l t s ( w i t h exchance e f f e c t s ) f o r carbon. i n i t i a l s l o p e > and t h e boundary v a l u e s a r e civen.
The Table 6 Results of t h e numerioal i n t e g r a t i o n of t h e Fermi-Thomas-Dirac e q u a t i o n f o r uarnium. Table 7 Solutions o f t h e Fermi-Thomas-Dirac equation for oarbon. It i s to be n o t e d t h a t t h e more convenient independent variable 1 is used here. Table 8 S o l u t i o n s o f t h e Fermi-Thanas-Dirac e q u a t i o n f o r uranium.
T a b l e 9 S o l u t i o n s of t h e t e m p e r a t u r e -p e r t u r b a t i o n equation. s o l u t i o n s a s s o c i a t e d w i t h them may b e I d e n t i f i e d by t h e g i v e n v a l u e s of 3. Only t h e i n t e r e s t i n g r e g i o n is t a b u l a t e d . Table 10 S o l u t i i n s o f t h e t e m p e r a t u r e dependent Fermi-Thomas equation.
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Summary o f t h e numerical r e s u l t s f o r t h e t e m p e r a t u r e dependent FermiThomas e q u a t i o n (See Table 10) . are e v a l u a t e d oorrespondiny t o t h e s e s o l u t i o n s for t h e case o f iron.
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